Abstract. We prove a weak Schwarz lemma in Banach space and use it to show that in Hubert space a Siegel domain of type II is not necessarily biholomorphic to a bounded domain. We use a strong Schwarz lemma of L. Harris to find the full group of automorphisms of the infinite dimensional versions of the Cartan domains of type I. We then show that all domains of type I are holomorphically inequivalent, and are different from fc-fold products of unit balls (A: a 2). Other generalizations and comments are given. 0. Introduction. In this paper we use a generalized Schwarz lemma (a result of Harris [6] ) to analyze the groups of holomorphic automorphisms of certain bounded domains in Hubert space. We find the full group of automorphisms of the infinite dimensional versions of the Cartan domains of type I (in the notation of Hua [7] ). Since the unit ball in Hubert space is one of these domains, we find the full group of holomorphic automorphisms of the unit ball. This result seems to be known already to R. S. Phillips [11] and certainly to Hayden and Suffridge [8] .
0. Introduction. In this paper we use a generalized Schwarz lemma (a result of Harris [6] ) to analyze the groups of holomorphic automorphisms of certain bounded domains in Hubert space. We find the full group of automorphisms of the infinite dimensional versions of the Cartan domains of type I (in the notation of Hua [7] ). Since the unit ball in Hubert space is one of these domains, we find the full group of holomorphic automorphisms of the unit ball. This result seems to be known already to R. S. Phillips [11] and certainly to Hayden and Suffridge [8] .
We also derive a necessary condition for an open domain in a Banach space to be holomorphically equivalent to a bounded domain. We use this condition to prove that the infinite dimensional version of the polydisc is not equivalent to a bounded domain. Thus in Hubert space a Siegel domain of type II is not necessarily holomorphically equivalent to a bounded domain.
We find the full group of holomorphic automorphisms of the &-fold product of the Hubert ball with itself. We prove that all domains of type I are distinct and are inequivalent to &-fold products of balls of k ^ 2. In particular, we show that the unit ball in Hubert space, B, and BxB are not holomorphically equivalent (answering a question of D. Burghelea).
A quantity of comments and questions are appended.
1. Schwarz's lemma. Let V and W be complex Banach spaces. We give a generalization of Schwarz's lemma for maps from V to W: Proof. df(0)B^B. Thus if ||z| = 1, t e R, \t\ < 1 then \\df(0)tz\\ g 1. Hence
||¿#"(0)z|| ^ 1, as was to be proved. Proposition 1.1 also gives a necessary condition that a domain in V be holomorphically equivalent to a bounded domain. Note. If K is the unit disc in C then MkiO) = k\.
Proof. We suppose that for each zeK there is a bounded open subset Kz in V and Gz: Kz -* K a holomorphic isomorphism so that G2(0)=z. Let &, = {/: Kz -* Kz | /holomorphic and/(0) = 0}.
Let Mk(z) = sup {\\dkfiO) \\\fe ^}. Then the technique of the proof of Proposition 1.1 implies that Mkiz)^Ak\Bk (here A is the radius of a ball around 0 containing Kz and B'1 is the radius of a ball around 0 contained in Kz). The Cauchy estimates on dkGA0) imply that ||</fcG2(0)|| ^A'k\iB')k for some constants A' and B'. A simple computation using the composite function formula [1, p. 7] yields the desired estimates on the elements of ^"(z) of the form Gz °f° Gz1,fe^iz). Since every element of ^"(z) has this form the result is proven.
Let /2={{zn} | z"eC and 2 |z"|2<oo}. Let D00 be the subset defined by £>°°= {{zn} e lz | sup |zn| < 1}. As an application of Corollary 1.2 we prove Proposition 1.2. Z>°° is not equivalent to a bounded domain in I2.
Proof. Let Fn({z¡})={w¡} be defined by Wj = zx for j=l,..., n, wn+j = z2 for 7=1,...,», and in general w(t_1)n+;=zk for j=\,..., n. Then Fne^(0) and \\dFn(0)\\ ="1/2-Thus Mx(0)^n112 for all n. Corollary 1.2 now implies D"> is not equivalent to a bounded domain.
2. Zero preserving automorphisms of the unit ball. Let V and W be complex Banach spaces. Theorem 2.1 (Harris [6] ). Let B (resp. B') be the unit ball of V (resp. W). If F: B^¡-B' is a holomorphic isomorphism of B so that F(0)=0, then F=dF(0)\B.
Furthermore dF(0) is an isometry of V to W, i.e. ||dF(0)z| = ||z| for zeV.
Proof. Let F: B-+ B' be a holomorphic isomorphism of B to B' with F(0)=0. Put T=dF(0). Corollary 1.1 says that ||T||^1. Since dF~1(0) = T-1 we see also that ¡r-1^!.
Thus if Ty=w with ||j>|| = 1 then ||w|l = l-Now T~1w=y, so 1^ \\T~1\\ ^ 11^1 _1^1, hence ||w| = l. This proves that T is an isometry. The result now follows from a theorem of Harris [6] Proof. Let Vc be the Banach space whose underlying space is Fand whose norm is defined by \\x\\c = inf {t e R, t > 0 \ x e tC}. Then Vc is a Banach space (equivalent to V) having C as its unit ball. The result now follows from Theorem 2.1.
3. Cartan domains of type I in Hubert space. Let H be a separable Hubert space and let L(Cn, H) be the set of all linear maps from C to H. (We take the standard Hubert space structure on Cn.) We make L(Cn, H) into a Hubert space by defining <Z,W)=trW*Z for Z, W e L(Cn, H). Let ||Z| =<Z,Z>1'2 for ZeL(Cn,H). Define || Z || x = sup {¡Zi>|| | H = l}.
Let Dn(H) be the unit ball in L(Cn, H) relative to the norm || \\x-We note that if « = 1 then Dn(H) is just the unit ball in H. If dim H< oo then the Dn(H) exhaust the standard Cartan domains of type I (see Hua [7] ).
In this section we find the full group of holomorphic automorphisms of Dn(H) fixing 0.
Theorem 3.1. Let F be a holomorphic automorphism of Dn(H) with F(0)-0. Then there is A e U(H) and B e Ufa) (U(H), the unitary group of H, and U(n), the unitary group ofCn) so that F(Z) = A ° Z o B'1.
The proof of this result will depend on a collection of lemmas and definitions. An element Z0 of cl (D"(/L)) will be called an extreme point if whenever Z0 = aZx +bZ2, a>0, b>0, a+b=l, and Z¡ecl iDAH)), then ZX=Z2. Since Z*Z^I, \Z\x-¿ I, we see there is i so that 0< ¡yj < 1. We assume i=l.
Let ux, wx be elements of the unit ball in Cn (with ux^vx, wx^vx) so that aux+bwx =zx, a, b>0, a+b=l. Then aUx ®uf+ J fa ® »?) +i(¿i O wî + 2 ^ <g> »,*) = Z.
So Z is not extreme.
Lemma 3.2. Let F be as in Theorem 3.1. Then F=dFiO)\DnW) and, ifZeDniH), there are elements Az e UiH), Bz e t/(n) so that FiZ) = Az oZ°Bp.
Proof. By Theorem 2.1, F=dFiO)\Dn(m and iZF(O) is an isometry of || ¡!. Set T= dFiO). Clearly T preserves extreme points of cl iDAH)). If Z is an extreme point, we can write (as a consequence of Lemma 3.1) Z=2"=i <t>i <S> v* with {fa) and {vt} orthonormal sets. Let A( = Tifa (g> vf). Then for each (0ls..., dn) e Rn, A e U(H), B e Ufa). Also we have shown that for each Z there are Az e U(H) and Bz e Ufa) so that T(Z)=AZ ° Z ° Bz 1. Furthermore, we may assume that Atz = Az, and Btz = Bz for t e C.
(i) A0ISv.<t> = XA0®w.<f>, for v,we Cn.
Proof, (a) Suppose (v, w} = 0. T(<f> ®v*) = >j>®u*, T(<f> (g u>*) = f (g z*. We may assume ||^|| = |v|| = ||w|| =1. Tpreserves inner products by its expression. Thus we may assume ||^|| = ||f || = ||u| = ||z|| = 1. Furthermore T(<j> (g (v* + w*)) = 8 (g ;*, ||S| = 1. Since Tpreserves inner products we see < 8, </>><?, u) = l and<8, £><r, z> = l. Since (<f> (g v*, <j> <g> w*> = 0 we see that <S ® f *, S ® i*> = 2 = |<S, ^><i, w> + <8, £></, z>| |<8,0>| |<Mi>| + |<8,f>| |</,z>| Ú |<M/>| + |</,z>| á21'a(|<r,tt>|a + |</>z>|a)1'aá2.
Thus all inequalities are equalities. Hence |<8, #>| = 1, |<8, £>| = 1. And f=A</r.
(b) If <f, w>>#0, we may assume \\v\\ = 1 and set u=w -<w, u>tf. Then </>(£> u* =<f>®w*-(w, vy-<f> <g v*. We have by the above T(<f> <g> »*) = 0 (g r*, T(<^ <g> k*) =ifi<g) z*. Thus 7\(£ (g) v*)=ifi <g x* as was to be proven.
(ii) Blt)®v.v=XBti,®v.v.
Proof. Use the same argument with adjoints.
(iii) If i<f>, <A> = 0 then <y40gll,.0, A^v>4)=0.
Proof. By the above we may assume that v = w. The result now follows since T preserves inner products. Select a¡,ßj so that Alp=j8pa1, Apl = a," l<pfin, and Xxx = axßx = l. Then the above equation shows that Afí=aij8í.
The case k<n follows by taking adjoints. We now complete the proof of Theorem 3.1. Returning to the notation preceding Lemma 3.3, we note that T(Vk)<=Vk, and T: Ffc-> Vk is an isometry where Vk ={ZeL(Cn, H) | Z=2h\.i=i (¡"fa ® of}. Clearly Vk=L(C\ Ck) and f(fa eg. vf) = Xij$i eg) vf. Thus Lemma 3.3 applies and there are ax,.. .ak, ßx,..., ßk so that (*) Xu = aßj. Furthermore A1X = 1, and we may take the solution such that o^=ßx = 1. By Lemma 3.3, this selection makes ax,..., ak, ßx,...,ßn unique. Hence we have a(,ieN, and ßx,...,ßn, so that aij8J = AiJ. Let A2fa = aifa and B2vi=ßivi. Then Aï1 ° f(fa (g vf) o B2=fa Cg vf for all i,j. Hence T(Z)=AZB~1 with A=AXA2, B=BXB2, proving Theorem 3.1.
Note. It seems likely that Theorem 3.1 is true without any restriction on H. Possibly a proof using the lemmas above based on the hereditary collection of finite dimensional subspaces L(Cn, W), W^H, dim W<<x>, would work. (1) B*B-DD*=I"=I. 
Proof. Clearly if B e U(H), Ee Ufa), then [B °E] e U(H,n). Thus the automorphisms Z^B
oZo E'1 are gotten from U(H,n). By Theorem 3.1 we need only prove that U(H, n) acts transitively.
Let C be an arbitrary element of L(Cn, H). We assert that -PTr (/+cC.
c).»]et,W")'
Indeed, it is obvious that Ac satisfies (1) and (2). We show Ac satisfies (3). Since C*C is a Hermitian positive semidefinite operator on Cn we see that there is an orthonormal basis vx,..., vn of C so that C*C =2 Vi <8> vf, A,^0. Setting (A()1,2^, = Ci>(, we see that {fa,..., fa} is an orthonormal set and C=2 (X)ll2fa ® vf. Hence CC* = 2X¡fa<S) fa*-Let P:H{ </>i, ■ ■ -, fa}1 be the orthogonal projection. Then (7+CC*)1'2 = f (l+A,)1'Vi®^*+^. Proof. By Theorem 2.1,/is given by a linear isometry T of (Hn, || ■ • • \\x). It is easy to see that the extreme points of Bk are the elements (zx,..., zk) so that |zi|| = l, i=l,...,k.
Let T be given by the matrix (Ah). That is T(zx,..., zk) = (wx,..., wk) with Wj = 2*= i AijZi. By the above, we see that if ||z,|| = l,i = l,..., k, then \Wj\ = \, j-\,...,k.
Thus ||2¿ An exp (idj)zj\\2 = l for all i, 0X,..., 6keR. Hence 2t,k exp (¡(dj-O^XA^Zj, Akizk) = 1. This implies that (a) 2,<,AJizj,Ajizjy = l. (b) (Am, Akizk}=0, k^j.
Suppose AjtZj^O, then Aklzk=0 for k=£j. Since zk is an arbitrary unit vector this implies that, for each i, there is exactly one j so that Ajt^0. Set at=j and the result follows. if and only if{n, m} = {k, I}.
(iii) Dn(Hx) is inequivalent with Bkfor n^l, k>l.
Proof. Let Dx and D2 be any two of the above domains. Let T: Dx -*■ D2 be a complex analytic isomorphism. We will show that Dx must equal D2. Since Dt has a transitive group of analytic isomorphisms, we may assume T (0) The methods used in the above proof could also be used to prove or <r*-1CT_1ii,p><<»,»>. We conclude that the image of G is in DniH) using the formula || ß|| =sup {\{Qv, v}\ \ \\v\\ = 1} {Q Hermitian) and the definiteness of C.
We leave to the reader the task of showing that G is onto and constructing G"1. The relevance of Proposition 1.2 is that the classical result (Pjatetskii-Shapiro et al. [12] ) that a Siegel domain of type II is holomorphically equivalent to a bounded domain is false in Hubert space. Since Hx is clearly a Siegel domain of type II this gives the (unfortunate) counterexample. We note that an argument analogous to the proof of Proposition 1.2 shows that DX(H) is not holomorphically equivalent to a bounded domain in 3^.
(ii) An infinite dimensional analogue of a Siegel ball. Let H, 3V be as above. Let Hr be a fixed real form of H and let ( , ) be the symmetric, complex bilinear extension of the inner product on Hr. Let v -> v be the conjugation of 77, corresponding to Hr. Then (v, w} = (v, w). Let lA (for A e ¿P) be defined by (Av, w) = (v, lAw). Let £f be the set of allAeJf so that *A=A. Let By be the set of all A e ¡f so that 8. Questions, comments, and a result, (i) It is known (S. Bergman [2] , Fuks [5] ), that Corollary 2.1 is true for finite dimensional circular domains that are not necessarily convex. Is the corresponding result in a Banach space true? Also, when dim V< oo, a bounded subgroup of the general linear group is conjugate to a subgroup of the unitary group. If dim V= oo, this is not necessarily true. But we can ask : if a bounded subgroup is the isotropy group of 0 arising as in Corollary 2.1 for V a Hubert space, is it necessarily conjugate to a subgroup of the unitary group ?
